Non-minimally coupled hybrid inflation 

Seoktae Koh 1 ]*] and Masato Minamitsuji 2 '[l| 

1 Center for Quantum Spacetime, Sogang University, 
Shinsu-dong 1, Mapo-gu, 121-742, Seoul, Republic of Korea 
2 Department of Physics, Graduate School of Science and Technology, 
Kwansei Gakuin University, Sanda 669-1337, Japan. 
(Dated: February 11, 2011) 

(N ' 

^ ■ Abstract 

P-h ■ We discuss the hybrid inflation model where the inflaton field is nonminimally coupled to gravity. 

In the Jordan frame, the potential contains (fr term as well as terms in the original hybrid inflation 
model. In our model, inflation can be classified into the type (I) and the type (II). In the type 
(I), inflation is terminated by the tachyonic instability of the waterfall field, while in the type (II) 
by the violation of slow-roll conditions. In our model, the reheating takes place only at the true 
minimum and even in the case (II) finally the tachyonic instability occurs after the termination 

CO 

' of inflation. For a negative nonminimal coupling, inflation takes place in the vacuum-dominated 

in 

■ region, in the large field region, or near the local minimum/maximum. Inflation in the vacuum 



- 1—1 

X 



dominated region becomes either the type (I) or (II), resulting in blue or red spectrum of the 
curvature perturbations, respectively. Inflation around the local maximum can be either the type 
(I) or the type (II), which results in the red spectrum of the curvature perturbations, while it 
around the local minimum must be the type (I), which results in the blue spectrum. In the large 



field region, to terminate inflation, potential in the Einstein frame must be positively tilted, always 
resulting in the red spectrum. We then numerically solve the equations of motion to investigate 
the whole dynamics of inflaton and confirm that the spectrum of curvature perturbations changes 
from red to blue ones as scales become smaller. 
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I. INTRODUCTION 



Inflation has become one of the constituents in modern cosmology. In the high energy 
theory or particle physics, there are still many inflationary models consistent with the cur- 
rent observations (see e.g., [lj for the seven-year WMAP observations). Future observations, 
such as the Planck satellite will measure the B mode polarizations in the Cosmic Mi- 
crowave Background (CMB) anisotropy, which may contain the information of the primordial 
gravitational waves, and will constrain the inflationary models more severely. 

The simplest model is inflation driven by a single field. However, in terms of the particle 
physics models or string compactifications, it is more plausible that there are two or more 
fields which concern the inflationary dynamics. Among these models, the hybrid inflation is 
widely studied js-6]. In the typical model of the hybrid inflation, the inflaton field <f> rolls 
down along a valley of \ = 0, where the waterfall field \ is stable during inflation. After 
4> passes through a critical point <fi = <f) c , x becomes tachyonic and eventually rolls down 
toward the true minimum. Hybrid inflation can be realized, in the framework of supergravity 
and superstring theory (see [7] and references therein). 

The main purpose of our work is to study how the dynamics of hybrid inflation and 
their observational predictions are modified due to the nonminimal coupling of inflaton to 
gravity. The effects of the nonminimal couplings have been studied in many publications 
(see e.g, (8-22]). We classify the possible hybrid inflationary dynamics and the observational 



consequences. In the original hybrid inflation, inflation takes place in the vacuum dominated 
region, but it is known that the spectrum of curvature perturbations becomes blue one. On 
the other hand, in a larger field region, the potential typically becomes super-Planckian. In 
this paper, we consider a nonminimal coupling of the inflaton field to gravity. A negative 
nonminimal coupling suppresses the potential in the Einstein frame and its value in the large 
field region can remain sub-Planckian. In addition, to obtain the flat potential in the large 
field region, we will add the 4 term to the original potential in the Jordan frame. 

This paper is organized as follows. In Sec. II, we give our model with an inflaton field 
nonminimally coupled to gravity. In Sec. Ill, we discuss the inflationary dynamics and 
predictions in the special cases. Then, in Sec. IV, we extend our analysis for the general 
cases. The last Sec. V is devoted to give the brief conclusion and summary. 
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II. THE MODEL 



Model 



We consider two interacting scalar fields. One of them, denoted by <p, plays the role of 
inflaton and is now nonminimally coupled to gravity. The other field, called the waterfall 
field and denoted by \i nas ^ ne vanishing amplitude during inflation and terminates the 
inflation because of its tachyonic instability, after it gets a negative mass square. The action 
of our model in the Jordan frame is given by 

f<9v x 2 

.2k 2 V * T J 2 V r/ 2 

where £ and k 2 = -^f- represent the nonminimal coupling parameter and the gravitational 

pi 

constant, respectively. Here, m p i = 1.2 x 10 19 GeV is the Planck mass. 
With the conformal transformations 



s= I d'x^^-Ai-^^R-Ud^) 2 -\{d X y -v(<i>,x) 



(i) 



(2) 



where fi 2 (0) = 1 — ft 2 £</> 2 , it is possible to move to the Einstein frame. Having the conformal 
transformation (j2J), the action (pQ) is transformed as [^(J 



S = Id xy — g 



(3) 



where 



F{<j>)d<t>, F(</>) 



1 - - 6£)0 2 



fi 2 



V^(0,X). (4) 



For the negative coupling £ < 0, we obtain 
Lrcsinh(V|£|(l + 6|£|) 



i^/i+eiei. 

K 



which gives <fr — (ft f° r ~ ^ 0, and 
FS In 



3 ln r -V6|£|K0 + Vi + KKi + eKI)^ 2 



v^iei^+vi + ieia+eiei) 



2^2 



i + i2iei-2 V / 6iei(i + 6iei) 



'i + eiei 



lei 



in 



2Viei(i+6iei)^ 



(6) 



for (ft — > oo. 

As the potential in the Jordan frame, we consider the following form 



(7) 



which has the same form as in the ordinary hybrid inflation model except for the term of 
i/i</) 4 . Here, /i is a dimensionless self-coupling constant assumed to be positive. In the 



Einstein frame, the scalar potential becomes 

1 



^(2 2\ 2 i 1 2/2 i 1 /4 , 1 2/2 2 



(8) 



(1 - K 2 £0 2 ) 2 

The reasons to add the 4 term to the potential are as follows: Firstly, in the Jordan 
frame, 4 -theory gives the most general renormalizable theory. Secondly, in the Einstein 
frame, since the denominator of Eq. ((8]) is the quartic function of 0, without 4 term in 
the estimator, as increases the potential approaches zero. To realize the inflaton in the 
large region rolling down toward the origin, the potential should increase monotonically 
and at least we need 4 term in the estimator. Of course, this term is not sensitive to the 
inflationary dynamics in the vacuum-dominated region > 0. 

Before closing this subsection, we should mention that our model is similar to that dis- 



cussed in Ref. |23|, except that bot 
coupled to gravity. In the model of 



i the inflaton and the waterfall field are nonminimally 



23[ , the waterfall field is assumed to be the Higgs field, 



which is somewhat close to the Higgs inflation model (see e.g., |16Hl8l. l24H28l| ) . Although 
in this paper we will not consider Higgs fields, it also should be noted that in the Higgs 
inflation model radiative corrections may play the important roles (see e.g 
and there are issues about the naturalness and unitarity violation (see e.g., 



24 



18 



28|). 



23 



25|), 



B. Inflationary dynamics and observational predictions 



In the rest of the paper, we discuss the inflationary dynamics in the Einstein frame. 
During inflation, since field rolls along x = 0, it can be treated as a single field inflation 
Note that for a single field case the observational quantities are conformal invariant and thus 

nnn 

the same as those in the original Jordan frame (see e.g., [9|, Il2l-ll4l|). In the Einstein frame, 
the slow-roll parameters are defined by 

i (v,\ 2 



2k 2 



K 2 V 




1 

2^2 



2 1 



V L 



2 AV : 
v V 

U> V rlrh rtrh 2 



dtp 



(9) 



The slow-roll inflation takes place as long as the above parameters are less than unity. 



Here, we briefly explain the picture of the field dynamics in the Einstein frame. In this 
paper, we focus on the trajectory \ = and do not discuss the motion in x direction. 
The asymptotic values in the vacuum-dominated and large field regions are \\v A and , 
respectively. The effective theory description is valid, if inflation takes place at sub-Planckian 
scale. Thus, a theoretical bound for the nonminimal coupling is obtained as 

A<(^) 2 , |£|>/A (10) 

In terms of the Einstein frame, inflation can be classified into the following two types, 
i.e., the type (I) or the type (II). In the type (I) inflation, inflation is terminated by the 
tachyonic instability of x field. This instability appears at <\> < <fi c = J For < C , the 
trajectory deviates from x — and eventually settles down at either of the global minima 
(05 x) = (0) ±i>). In the type (II) inflation, it is terminated by the violation of the slow-roll 
conditions, at some <fi = <ftf, where either of e or \r]\ becomes unity. The type (I) inflation 
always requires that moves from larger to smaller values. In our model, the only way to 
realize the reheating is oscillations of fields at the true minimum after x gets the VEV, and 
basically we require the inflaton motion from larger to smaller field values. 

We also introduce the observational quantities in the linear perturbation theory. The 
effects of the x fluctuations onto the observational predictions are also expected to be neg- 



ligible as long as at least x is minimally coupled to gravity |29l-l32j . Thus, in this paper we 
apply the single-field, slow-roll approximations. In the context of the slow-roll approxima- 
tions, the amplitude of the curvature and tensor perturbations are given by 



where is evaluated at the horizon crossing time t*, k — aH\ t= u- The tensor-to-scalar ratio 
is given by 

r := ^ = 166. (12) 

Finally, the spectral indices of the curvature and tensor perturbations are given by 

dliaP s „ d\nP t n ,„ . 
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FIG. 1: We plot (a) <p field evolution with the number of efolds N (b) evolution of slow roll 
parameter e with (f>, (c) evolution of slow-roll parameter r] with <f>, and (d) the spectral index of 
scalar perturbations n s versus tensor to scalar ratio r with £ = — 10 -3 ,— 5 x 10 -4 , — 10 -4 and 
-10~ 5 . We set A = g 2 = \,v 2 = 10 -4 mJ„ m 2 = 10 _8 m^. 

III. THE CASES OF fi = OR m = 

For simplicity, in this section we discuss the inflationary dynamics and predictions in the 
special cases that \i = or m = in Eq. (JTJ). In the next section, we will extend our analysis 
to the general potential. 



A. The case of ji = 



2 

In the case of \i = 0, if < |£| < J^ 4 , the potential in the Einstein frame has a local 
maximum at = <fi e which is given by 



> m 2 -K 2 \j\\v± 

K 2 \i\m 2 ' 1 1 
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and the potential at <fi = e takes the value 



4 

m 



nfe0 ) = K:= 4 ^ |(m2 _ 2| ^ 4) . (15) 

In the small Beld region 4> > 0, for |{| < « > 0, and for |£| > jjgj, « < 0. In 

the latter case, since the potential does not contain the local minimum, there is no way to 
terminate the inflation. Thus, we will not consider the latter case in the present work. 

2 

For |£| < JT Xv i , the slow- roll parameters are given by 

8(m 2 - l^Xv 4 ) 2 <f) 2 8(m 2 - l^Xv 4 ) . . 

Since as <fi decreases e decreases, inflation cannot be the type (II), but be the type (I), which 
is the ordinary hybrid inflation. The e-folding number is given by 

Ar f k K 2 V l7 &K 2 V(d$\> J± f+* Kd(f) K 2 \V A 



where <pi and <frf are the values at the beginning and the end of inflation, respectively, and 
we omit the logarithmic factor at the final expression. The slow-roll inflation can be realized 
for 

< < fa := — = — , (18) 

2 v / 2(m 2 - K 2 |e|Aw 4 ) V ; 

where fa is determined from the condition that e,, = 1. Since N ~ to obtain sufficiently 
long inflation, fa^> -. Also, since (p e > 4>i, we obtain e 3> -, which leads to 



2 

m 



m 2 + k 2 Aw 4 
Then, we obtain 



k 2 Xv a / k 2 Xv 4 . 
iV <^ 1 + -^- (19) 



4m 2 \ m 



The requirement A > 50 gives > 15. 

In this case, the amplitude of the curvature perturbations, the tensor-to-scalar ratio, and 
the spectral indices of the curvature and tensor perturbations are given by 

v 12 k 6 \ 3 128(m 2 - |£k 2 A<t;W 

7687r 2 (m 2 - \i\K 2 Xv A ) 2 (t)i ' v s k 2 \ 2 

, m 2 , „ 2 16(m 2 - \£\k 2 \v A ) 2 <p 2 , s 

* " 1 =< " Ifl) = > 0, kW — • < 20 ' 



Thus, the spectrum is blue tilted. 

In the region of <fi > <f> e , there is no way to terminate inflation. Around the local maximum 
< e , inflation can be either the type (I) or the type (II). For the tachyonic instability to 
appear, we need the condition <p e > <ft > <f) c , which leads to 

0<KI< 2X /™* 2V (21) 
K z \v z {g z v z + m z ) 

The slow-roll parameters are given by 

32|£| 2 K 2 m 2 (m 2 - \^\k 2 Xv A ) 2 {(j) - e ) 2 



(2m 2 - K 2 \v A ) 2 [m 2 + (m 2 - |£|/€ 2 At; 4 )(i + 6|f|)] ' 
„ m{m 2 -, 2 Xv%\) 

The slow- roll condition is violated when e — 1. The e-folding number is given by 

^ m 2 + (m 2 -|^ 2 A^)(l + 6|e|) 

The amplitude of the curvature perturbations and the tensor-to-scalar ratio are given by 

(2m 2 - K 2 \£\\v 4 )(m 2 + (m 2 - |^|^ 2 At; 4 )(l + 6|^|)) 



1 S — 



3072|e|% 2 (m 2 - |£|k 2 Ai; 4 )(0* - <p e ) z 
512/€ 2 m 2 |e| 2 (m 2 - \£\k z \v 4 ) 2 {<P* - e ) 



(24) 



(2m 2 - K 2 |£|At; 4 ) 2 (m 2 + (m 2 - \£\k 2 \v a ){1 + 6|^|)) ' 

respectively. The spectral index of the curvature perturbations is given by n s — 1 ~ 2rj ~ 
— jj < 0, namely red spectrum. 

In order to follow the dynamics of the field from the local maximum to the vacuum 
dominated region, we perform the numerical calculations by solving the equations of motion. 
For the parameters A = g 2 = 1, v 2 = 10~ 4 m 2 ; , m 2 = 10 _8 m 2 ; , we plot the evolution of 
the field, the evolution of the slow-roll parameters e and rj and the relation between n s 
and r in Fig. [TJ We take into account 0j being smaller than the local maximum e . In 
Fig. [T]-(a), we find that enough number of e-folds can be obtained. The evolution of the 
slow-roll parameters are plotted in Figs. [H-(b) and[T]-(c). Theses figures show that the slow- 
roll conditions are not violated, so inflation should be terminated through the tachyonic 
instability. We plot n s — r relation in Fig. [H-(d). The spectrum changes from red around 
the local maximum to blue in the vacuum dominated region. 
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FIG. 2: We plot (a) <fi field evolution with the number of efolds N, (b) evolution of slow roll 
parameter e with <f>, (c) evolution of slow-roll parameter 77 with (j> and (d) spectral index of scalar 
perturbations n s versus tensor to scalar ratio r with £ = —5 x 10~ 2 , — 10~ 2 , —5 x 10 -3 and — 10 -3 . 



We set A = g 2 = 1, v 2 = 10" 4 m 2 h y. = 10" 



B. The case of m = 



In the case of m = but \i 7^ 0, along x = the potential has the local minima at 



and the potential at = e takes the nonzero minimum value 



K2Al ' 4| «l (25) 



^■0) = V.== 4(KtA ^ a+ P6) 



Inflation can take place 

(i) in the vacuum-dominated region, 

(ii) around the local minimum, 

(iii) in the large field inflation. 
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In the region (i), ^ ~ — k 2 |£|At; 4 < 0, and rolls down toward = e . To obtain a 
stable potential, it must take place for > C , where \ field has a positive mass. Then, 
inflation is the type (II). Around = 0, the slow-roll parameters become 

e^8«; 2 |£| 2 2 , ^~-4|e|. (27) 

Inflation is terminated when e becomes order unity, namely at 

1 



2V2«|£f 

The e-folding number is given by 



(28) 



N ~ —3— ~ (29) 

Therefore, to get sufficiently long inflation, 0y ^> -. On the other hand, since e > <pf, 
we have to require e ^> ^, which leads to — > Xt h. v ± ■ Combining with ( 1291) . we obtain 
N < We have to require N > 50, and hence ^JL. > 200. Recalling the sub-Planckian 

condition Eq. (fTUl) . unless /i < 1, this condition cannot be satisfied. The amplitude of the 
curvature perturbations, the tensor-to-scalar ratio, and the spectral indices of the curvature 
and tensor perturbations are given by 

P * ~ 7687r2 | e | 202 > r - 128k 2 |£| 2 2 , n s - 1 ~ -8|f | < 0, ~ -16 K 2 |£| 2 2 , (30) 

respectively, where the field value 0* is evaluated at the horizon crossing. The spectrum of 
the curvature perturbations is red tilted. In this case, however, since V e > 0, there is no way 
to terminate inflation in the original system. 

In the region (ii) where field, located at > e , begins to roll toward to e , inflation 
can be the type (I). The tachyonic instability appears at = C , and we need to require 
0c > e , or equivalently 

Kl < -TTl- (31) 
n z v z g z 

Taking the sub-Planckian condition Eq. f fTOj) into consideration, we can further restrict the 

1 2 

range of the coupling. If //2 < -g^, then the type (I) inflation occurs for all the allowed 
region of Eq. fl60l) . If ^ < w2 ^ g2 , we obtain 

A** < 161 < -TY-r (32) 
k z v z g z 
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If //5 > K 2^ 2g2 there is no region where the type (I) inflation can occur at the sub-Planckian 
energy scale. 

In the region (ii), assuming e < <p c , the slow-roll parameters 

32KVK| 2 (0-0 e ) 2 

6 (/i + l^^Xv^ifi + l^^Xv^l + 6|£|)) ' 

„ ^ > o (33) 

Note that as — >• e , e becomes smaller, and there is no violation of the slow- roll conditions. 
Therefore, inflation must be the type (I). The e-folding number is given by 

^|W(l + 6|g|)+^ 

siei/i ■ 1 ; 

The amplitude and spectral index of the curvature perturbations are given by 

W 4 k 2 A(|£| 2 k 4 A 4 + n)(fi+ k 2 A^ 4 |£| 2 (1 + 6|£|)) 



n. - 1 



3O72|£|% 2 /i 2 (0* " 0e) 2 
16|e|/i 2 



/i + /€ 4 Aw 4 |e| 2 (l + 6|e|) AT' 

64 K viei 2 ^ 



^ ~ ~ (/i + |e| 2 K 4 Au 4 ) 2 (// + |£| 2 ^ 4 (1 + 6|CD) ~ ~ 6 ' 
r ~ 16e. (35) 

The spectral index of the curvature perturbations is blue tilted. 

In the region (iii), ^> e , the slow- roll parameters Eq. (Q are given by 

V * ~ n I < °' ( 36 ) 



and the slow-roll approximation is valid in the range 

41 > *> = ■ (37) 

Inflation can be either the type (I) or the type (II). If C > 0/, inflation is the type (II), 
while if 0c < 0/ it is the type (I). The e-folding number from the horizon crossing to the 
end of inflation is given by 

W .(i±»^_^).(i±^VM, (38 ) 

where we assume that 0* ^> c j. The amplitude of the curvature perturbations and the 
tensor-to-scalar ratio are given by 

(i + 6 |ei)^0 4 128 „ 2 (6 1 ^ m 
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The spectral indices of the curvature and tensor perturbations become 

16 2 

r? — 1 ~ rvJ <r" 

3 (i+6iei)^- iv <u ' 

^ I? 1 + 6^1 

Thus, the spectrum of the curvature perturbations is red tilted. 

We perform the numerical calculations to track the evolution of field along x = and 
of slow-roll parameters e and r\ in Fig. [2J We set A = g 2 = 1, i> 2 = 10~ 4 m 2 ; and p, = 10~ 8 in 
Fig. |2j We find that the local minimum locates at = e in Fig. [2}-(a). Given parameters 
for Fig. El as seen f )33|) . slow-roll conditions are not violated (see Fig. |2|-(b) and|2|-(c)), so 
inflation should be terminated by the tachyonic instability. In order to terminate inflation 
by the tachyonic instability, it is necessary to satisfy the condition (p c > <p e . This condition 
leads to 

lei < led = -j4-s. ( 41 ) 

\£ c \ ~ 4 x 10 -6 for the Fig. In Fig. |2|-(d) we plot n s — r relations. The figure shows that 
spectrum changes from red spectrum to blue ones. 



C. (p 2p (p > 2) model 

Before closing this subsection, we briefly discuss the case of the potential in the Jordan 
frame given by 

Vfax) = \KX 2 - v 2 ) 2 + ^ 2p + i*W, (42) 

where p > 2 is an integer. Note that in this subsection \x parameter has mass dimension of 
(— 2{jp — 2)), and in particular (—4) for p = 3. In this case, the potential in the Einstein 
frame V has a minimum at some <p = <p e > 0. For p = 3, if — 1 < ^- < 1, where 

A:=3|e|V/€ 6 A-2/i, (43) 

the extremal point is given by 

e :=-^(-l + 2cos(f)V, (44) 

K \t 2 V O / 
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where cosx := Note that | < cos (|) < 1. On the other hand, if ^- > 1, then it is given 
by 

1 -(-l + 2cosh(|))', (45) 



where coshy := j-. 

In the vacuum-dominated region, V is always negatively tilted. And thus inflation is the 
type (II) and is terminated at 

1 



2i|£|* 

The typical e-folding number is given by 



(46) 



N - m - ^ 

To realize sufficiently long inflation, we require <pf > ^, which leads to |£| < 1 for ^- < 1 
and If I < ■ for f > 1. Thus, we obtain TV > 1 for £ < 1 and N > -At for # > 1. 

Around the local minimum, it is naturally expected that the spectrum of the curvature 
perturbations produced inflation near = e is always blue tilted. 



In the large field region, since > 0, is decreasing. The slow-roll parameters are given 

by 



2(p~2) 2 |e| , 2(p-2)((p + 2) + 12p|g|) 



1 + 6|£| k 2 (1 + 6|£|) 2 ^ 



,2 



4(p- 2) 2 |e| 2(2p-5)((p + 2) + 12p|g|) 
V l + 6|e| k 2 (1 + 6|£|) 2 2 ' 1 ' 

The slow-roll conditions is violated when e or rj becomes 0(1) at 



2(p-2)((p + 2) + 12p|£|) 

• (49) 



(l + 6|e|)« 

For C > (pf, inflation is the type (I), and for C < 0/, it is the type (II). The e-folding 
number is given by 

2|e|(p-2)- (50) 
The spectrum of the curvature perturbations, the tensor-to-scalar ratio, the spectral indices 
of the curvature and tensor perturbations are given by 
^ (l + 6|e|W^- 2) 32|£|(p-2) 2 



96|£| 3 (p-2) 2 pvr 2 ' " 1 + 6|£| 

4(P-2) 2 |^| 2(p-2) 4(p-2) 2 |^| 2(p-2) 

n - r>-i n , rv --' - (-Nj 1 _ (nil 

s 1 + 6|£| ~ N ' *~ 1 + 6|£| ~ iV ' 1 j 
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Thus, the spectrum of the curvature perturbations is red tilted. 



IV. THE CASE 

In this section, we discuss inflationary dynamics in the Einstein frame in more details. 
Along x = 0, the potential in the Einstein frame has the nonzero extremal value 

V((j) e , 0) = V e ■= u . 2 2 — r-j 2 , 2 — . . 2 4V , , (52) 



at 



-m 2 — k 2 Xv 4 ^ 
fi + K 2 m 2 C, 



(53) 



4 A 4 

For J ^- T < 1, V P becomes the minimum, while for > 1, it becomes the maximum. For 
1, the potential has no extremal point. 



liXv 4 



fj,Xv 



<1 



In this case, in terms of the shape of V, we separately discuss the following cases 

(1) if 2^ 4 < |£| < J 1 2 , there is one local minimum in the potential at = e : 

(2) if ^ 4 > |£| > 0, the potential is monotonically increasing: 

(3) if |£| > -^-y, the potential is monotonically decreasing: 

(1): 

In this case, there is the potential minimum at = e . In the typical cases, inflation can 
take place 

(i) in the vacuum-dominated region, 

(ii) around the local minimum, 

(iii) in the large field inflation. 

In the region (i), ^ ~ (m 2 — k 2 |£|Ai> 4 )0 < 0, and rolls down toward = e . To obtain 
a stable potential, it must take place for > C . Then, inflation is the type (II). Around 
= 0, the slow-roll parameters become 

8(|£| K 2 A W 4 -m 2 ) 2 2 m 2 . 
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FIG. 3: We plot (a) (j> field evolution with the number of efolds N, (b) evolution of slow roll 
parameter e with (j>, (c) evolution of slow-roll parameter r\ with (f>, and (d) spectral index of scalar 
perturbations n s versus tensor to scalar ratio r with £ = — 10~ 2 , —2 x 10~ 3 , —6 x 10 -3 and — 10~ 4 . 
We set A = g 2 = 1, v 2 = i0~ 2 r?7. 2 ; , m 2 = lO^^m 2 ^ fi = 10 -6 . These parameter satisfy the 
condition m 4 < fiXv 4 " discussed in Sect. IIV Al While the potential is monotonically increasing 
for £ = — 10 -4 , the potential has one local minimum at (j) = 4>e for £ = — 10 -2 , —2 x 10~ 3 and 
—6 x 10~ 3 . As |£| decreases, the local minimum shifts to the smaller <fi and if |£| < 3 x 10 the 
potential behaves as a monotonically increasing function of (j). 



Inflation is terminated where e becomes order unity, namely at 

k\v 4 



(55) 



J ' 2 v / 2(|£|/« 2 Ai; 4 -m 2 )' 
The e-folding number is given by 

~ 4(K 2 A|£|^ 4 -m 2 ) " y/2' y ' 

Therefore, to get sufficiently long inflation, 0/ 3> -. On the other hand, we also require 
4> e > (fif, hence 4> e ^> ^, which leads to 

[i ... K 2 m 2 + [i 

> \£\ > 



K 2 m 2 K 2 m 2 + k 2 \v a 

15 



10 
8 
6 

^ 4 

2 

-2 



x 10" 



— \= 


-io- 2 




-2x 1 0" 3 




-6x 10~ 3 





-IO" 4 



10 15 

6/m , 




500 1000 1500 2000 
N (In a) 



FIG. 4: (left) Magnifying the Fig. [3]-(c) in the region 5 < (f> < 20. (right) evolution of spectral 
index n s of scalar perturbation. 



where the upper bound given from our classification. Combining with ( 1561) we obtain 

K 2 m 2 + k a \v a 
N < -. . 

We have to require N > 50, hence 

^ + ^ > 200. 
a — — 

4 

For // > t^t, this condition can be satisfied. In the limit of m — > 0, we recover the result in 
Sec. III-B. 

The amplitude of the curvature perturbations, the tensor-to-scalar ratio, and the spectral 

indices of the curvature and tensor perturbations are given by 

w 12 k 6 A 3 128(m 2 - |£k 2 AuW 

P a — „ — , r ~ 



7687r 2 (m 2 - \£\K 2 \v 4 ) 2 (j)f v*k 2 \ 2 

m 2 v 16(m 2 - |^ 2 At; 4 ) 2 2 



- - 8 (K|-7¥w)<°> ^ " JvLs » ( 57 ) 



respectively, where the field value 0* is evaluated at the horizon crossing. Thus, the spectrum 
of the curvature perturbations is red tilted. 
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FIG. 5: Same as Fig. [3] but we set A = g 2 = 1, v 2 = 1CT 2 m 2 v m 2 = 1CT 6 m 2 v \i = 10 -4 which 
satisfy m 4 < fj,Xv 4 (see Sect. IIV Ap . For £ = — 10 -4 , the potential is monotonically increasing. 
For £ = — 10 -2 , —2 x 10~ 3 and —6 x 10~ 3 , the potential has one local minimum at <fi = <j> e . 

In the two regions of (ii) and (hi), inflation can be the type (I). Let us clarify the conditions 
that the type (I) inflation takes place. The tachyonic instability appears at the place where 
X deviates from x — 0. Then, the critical field value must be greater than e , hence C > e , 
which leads to 

If I < Itl == ntVS^Y < 58 > 

K z Xv z [m z + g z v z ) 
This is the generalization of Eq. (141 jl to the case of m ^ 0. Noting 

the type (I) inflation can take place for 



2 

m 



< \a\ < \u (so) 



K 2 \V A 

Taking the sub-Planckian condition Eq. ([TO]) into consideration, we can further restrict 

9 

rn 
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1 2 

the range of the coupling. If ^ < vV, then the type (I) inflation occurs for all the allowed 




FIG. 6: (left) Magnifying the Fig. [5]-(c) in the region 5 < (f> < 20. (right) evolution of spectral 
index n s of scalar perturbation. 

region of Eq. @Q|). If ^4 < (i2 < |£ c |, we obtain 

ai* < iei < u (6i) 

If > |£ c |, there is no region where the type (I) inflation can occur at the sub-Planckian 
energy scale. 

In the region (ii), assuming e < C , the slow-roll parameters 
e ~ 32(|e|«:VA - m 2 ) 2 (/i - |e|/t 2 m 2 ) 5 (0-0 e ) 2 

x { K 2 (K 2 m 2 iei - /i + i£i«: 2 (m 2 - lei^V)) 2 

x [(|£|«VA - m 2 )(l + 6|£|)k 2 |£| + // - mV|£|] (Xv 4 fi - m 4 ) 2 }^ 

„ „ 8(|e|«W-m 2 )(/i-|e|K 2 m 2 ) 2 

^ /€ 2 [(|e|^ 4 A-m 2 )(l + 6|e|)K 2 |e|+/i-m 2 fi: 2 |e|](At; 4 /i-^ 4 ) ' 

Note that as — > <f) e , e becomes smaller, and there is no violation of the slow- roll conditions. 

Therefore, inflation must be the type (I). The e-folding number is given by 

^ [(|e|«V - m 2 A)(l + + A* - ^ 2 |£l] (A«V - m 4 ) 

8(|e|« 2 Av 4 -m 2 )(/x- |e|« 2 m 2 ) 2 ' 1 j 
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The amplitude and spectral index of the curvature perturbations are given by 



Ps = K 



-2\i\n 2 m 2 + |£| VAt> 4 + /i) ( - 2\i\K 2 m 2 + 6|f | Vk 4 A + k 2 \£\(k 2 \v 4 - 6m 2 )) 



x (m 4 - A/iw 4 ) 3 



x 



30727r 2 (m 2 - |e|K 2 A^ 4 ) 2 (|^ 2 m 2 - /i) 5 (0* - e ) 2 ' 



n _ l2i im\^-™ 2 ){,-\H\K 2 m 2 ) 2 2 

K 2 [(|£|KVA-m 2 )(l + 6|£|)K 2 |£| + y u-m 2 K 2 |£|](At> 4 y u-™ 4 ) ^ 

The spectral index of the curvature perturbations is blue tilted. The tensor spectral index 
and the tensor-to-scalar ratio are given by 

n T ~ — 2e, r ~ 16e. (65) 

In the region (iii), 3> </> e , the slow-roll parameters Eq. fl9]) are given by 

%(H- |^|K 2 m 2 ) 2 8(/x— \£\K 2 m 2 ) 



- (i+6iei)iei«V0 4 ' (l + eieDKW 

and the slow-roll approximation is valid in the range 



(66) 



2 3/ 2 (^-|e|^m 2 )V 2 

> 0/ = (ei^l + i) 1 / 2 ^) 1 / 2 - (67) 

Inflation can be either the type (I) or the type (I). If C > 0/, inflation is the type (II), while 
if (f) c < <pf it is the type (I). The e-folding number from the horizon crossing to the end of 
inflation is given by 



N ~ 8(/i - |e|/€ 2 m 2 ) (^* ^ cJ ) ~ 8(/i - \i\K 2 m^ ' ^ 



where we assume that ^> <ft c j. The amplitude of the curvature perturbations and the 
tensor-to-scalar ratio are given by 

(i + eiei^w , i28(^-iew a „ 2 i 
s_ 768iei7r 2 (/,-ieiK 2 m 2 ) 2 ' " iei(i+6iei)«V0 4_ iv 21 + ier 1 j 

The spectral indices of the curvature and tensor perturbations become 

16(u- \i\K 2 m 2 ) 2 
(l + 6|e|)«: 2 /i0 2 iV ' 
IG^-l^m 2 ) 2 „_l + 6jfl (70 ) 

*- (i + 6iei)iei^v 2 4_ 4ieiiv 2 • 1 ) 

Thus, the spectrum of the curvature perturbations is red tilted. 

19 



(2): 



2 

The potential is monotonically increasing as increases, since e — > 0, as £ — > — JP Xv 4, in 
the case (1). In this case, inflation can take place 

(i) in the vacuum-dominated region 

(ii) in the large field region 

In the region (i), ^ — [rn 2 — k 2 |£|Aw 4 )0 > 0, and slowly rolls down toward the origin. 

Then, the slow-roll parameters are given by 

8(m 2 -|£|K 2 A^ 4 )V 4(m 2 -|£|^ 4 ) 
C " K 2 A 2 f 8 ' V ~ k 2 \v± 1 } 

Since e is decreasing for decreasing 0, inflation can be the type (I). The e- folding number is 

given by 

N ~ . (72) 

4(m 2 - K 2 A|£|t; 4 ) 1 j 

The slow-roll inflation can be realized for 

< < & := — = — , (73) 

2 v / 2(-|£|K 2 At; 4 + m 2 )' 

where = 1. Noting that iV ~ to realize sufficiently long inflation, fa ^> i, which gives 

2 2 1 

m m 1 

> If I > 



K 2 At> 4 k 2 Aw 4 2\/2 

(if K 2^4 > ^75); where the upper bound is given from our classifications. 

The amplitude of the curvature perturbations, the tensor-to-scalar ratio, and the spectral 
indices of the curvature and tensor perturbations are given by 



v 12 k 6 X 3 128(m 2 - |£k 2 A*; 4 ) 2 2 

" 768vr 2 (m 2 - |e|« 2 Av 4 ) 2 2 ' v 8 k 2 \ 2 



at ™ 2 n lQ(m 2 -\£\k 2 \v 4 ) 2 

Thus, the spectrum of the curvature perturbations is blue tilted. 

In the region (ii), the background dynamics and predictions can be written as the same 
manner as those in (l)-(iii). We now discuss the condition that inflation takes place at the 

1 2 

sub-Planckian scale. If /i^ < JP Xv 4, , then inflation takes place at a sub-Planckian energy 
scale for 

"* < if i < < 75 > 
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For //a > ™ 4 ; there is no region where inflation can occur in the sub-Planckian energy 
scale. 

Until now we have discussed inflation realized in each typical region. In these cases, in 
general field moves from the large field region toward the local minimum or to the vacuum 
dominated region. To follow the whole dynamics, we need to solve the equations of motion 
numerically. 

In Fig. E] and we plot field evolution with the number of e-folds N in panel (a), 
evolution of slow-roll parameters e and 77 in panel (b) and (c), and the relation between the 
spectral index of scalar perturbations n s and the tensor to scalar ratio r in panel (d) with 
£ = — 1CT 2 , —2 x 1CT 3 , —6 x 1CT 3 and — 10~ 4 . We set the parameters to A = 1, g 2 = 1, v 2 = 
10- 2 m 2 pl , m 2 = 10~ 6 m 2 pl , // = 10" 6 for Fig. [3] and to A = 1, g 2 = 1, v 2 = 10~ 2 m 2 pl , m 2 = 
10 m^, fi = 10 -4 for Fig. [5j Both parameter set satisfy the condition m 4 < fiXv 4 . In 
Fig. El we find that as |£| decreases, the local minimum value e shifts to smaller 0. For 
£ = — 10~ 4 , the potential increases monotonically (0 e = 0). If |£| < ~ 4 x 10~ 4 , the 

potential behaves as an increasing function of 0. If |£| > "^4 — 4 x 10~ 4 , there exists 
a local maximum at = e . On the other hand, if |£| > -^s — 4 x 10~ 2 , the potential 
decreases monotonically as <fi increases which will discuss below. We find in Fig. [3}-(a) the 
field reach to e after slow-rolling over potential during inflation period. 

Fig. El-(b) and[3J-(c) show the evolution of the slow-roll parameters e and 77. These figures 
show that slow-roll conditions are not violated for the chosen parameter, so inflation should 
be terminated by the tachyonic instability. We find in Fig. [2J- (c) that the slow- roll parameter 
77 has positive values for £ = — 10~ 4 and have negative values for £ = — 10~ 2 ,2 x 10~ 3 and 
6 x 10 -3 during slow-roll phase. We plot the slow-roll parameter 77 in detail during slow-roll 
phase in Fig. 13- (left). These imply that the potential have positive curvature (£ = — 10 -4 ) 
or negative curvature (£ = — 10~ 2 ,2 x 10 _3 ,6 x 10~ 3 ) during inflation. 

Fig. ES-(cl) shows the relation between the spectral index n s and the tensor to scalar ratio 
r. In order to compare with the observations, we draw the bound r = 0.2 (horizontal black 

ack dashed line) from PLANCK 



solid line) from WMAP satellite and r = 0.03 (horizontal b 
satellite [33f. Since n s = 0.968 ± 0.012 from WMAP data |34j, Fig. [1(d) indicates that n s 
is well fit to the data in 2<r (95%CL). We find from Fig. HI- (right) that the spectral index 
shows the red spectrum in the large field region and then moves to the blue spectrum around 
the local minimum. 
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In Fig. [5j the potential shows similar behavior as in Fig. fl3]) except that for |£| > ^ 2 ~ 4 
the potential decreases monotonically as <fi increases. Fig. [5]-(c) shows the evolution of the 
slow-roll parameter 77 and we can look at more closely the behavior of 77 during slow-roll 
phase in Fig. [6]- (left). 

The relation between the spectral index n s and the tensor to scalar ratio r are shown 
in Fig. |5]-(d) and the evolution of n s are plotted in Fig. [6]-(right). The best fit of n s from 
WMAP (n s = 0.96) as well as r = 0.2 and r = 0.03 are drawn in Fig. |5]-(d). Like as in Fig. 
[31 the figure shows the spectrum moves from red spectrum to blue ones. 



(3): 

The potential is monotonically decreasing as <fi becomes larger, since <p e — > 00, as £ — > 
in the subcase (1). In this case, there is no way to realize the reheating, since the 



tachyonic instability does not occur. Thus, in this paper we do not consider this case. 



B. -24 > 1 

Similarly, we discuss the following three cases separately 

(1) if -^-^ < |£| < 4 , there is one local maximum at = e : 

(2) if -^j^j > |£| > 0, the potential is monotonically increasing: 

(3) if |£| > %t 4 , the potential is monotonically decreasing: 



(1): 

In this case, there is a local maximum in the potential. Then inflation can take place 

(i) in the vacuum-dominated region where > 

(ii) around the local maximum 

(iii) in the large field region 

In the region (i), ^ ~ [m 2 — k 2 \^\\v a )4> > 0. Thus, <p rons down toward the origin. Then, 
the slow-roll parameters and the e- folding number are given by Eq. f fl6|) and Eq. ( JT7|) . By 
the same reasoning from Sect. IHI Al inflation must be the type (I). The slow-roll inflation 
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FIG. 7: We plot (a) eft field evolution with the number of efolds, N, (b) evolution of slow roll 
parameter e with (j>, (c) evolution of slow-roll parameter r\ with eft, and (d) spectral index of scalar 
perturbations n s versus tensor to scalar ratio r with £ = —5 x 10~ 3 , — 10~ 3 , —5 x 10 -4 and — 10~ 4 . 
We set A = g 2 = l,v 2 = W~ 2 m 2 l ,m 2 = 10~ 2 m 2 l , \i = 10~ 4 . These parameter satisfy the condition 
m 4 > /iAw 4 discussed in Sect. IIVBI For £ = — 10 -4 , the potential is monotonically increasing. The 
potential has one local maxima for £ = —5 x 10~ 3 , — 10 -3 and —5 x 10 -4 . The local maxima shift 
to the right as |£| decreases. If |£| > 5, the potential is monotonically decreasing but we do not 
plot for this case. 

can be realized for 

< < 0., := — = — , (76) 

2y/2{m? - \£\k 2 \v a ) 

where = 1. Noting that N ~ in order to realize sufficiently long inflation, 0j ^> K 
On the other hand, we also need to require e > fa, hence (p e ^> -, which leads to 

m 2 ... K 2 m 2 + ii 
~ > l£l > -T—> ZTTZ* 



k 2 \v a K 2 m 2 + k a \v a 
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where the upper bound is given from our classification. Combining with (jTTI) . we obtain 

K 2 m 2 + n A \v 4 



N < 



4(S-/^) 



Xv 

We have to require N > 50, hence 

K 2 m 2 + k 4 Au 4 



At-* 



> 200. 



4 

For < this condition can be satisfied. 

The amplitude of the curvature perturbations, the tensor-to-scalar ratio, and the spectral 
indices of the curvature and tensor perturbations are given by 

v 12 k 6 X 3 128(m 2 - \£\k 2 \v 4 ) 2 <J)1 



P. 



768vr 2 (m 2 - \£\k 2 \v 4 ) > 2 



2 r k^ V 8 K 2 X 2 



16(m 2 - \i\n 2 \v^ 2 ^ 2 



/ 777 

n '~ 1 " S (^4-Iel)>0, th- * J\l s (77) 



-i 



'k 2 Xv 4 k 2 X 2 v 
Thus, the spectrum of the curvature perturbations is blue tilted. 

In the region (ii), around the local maximum, the slow- roll parameters are given by 

e ~ 32(m 2 - |e|«:VA) 2 (|e|ft: 2 m 2 -/i) 5 (0-0 e ) 2 
x {K 2 ( K 2 m 2 |e|-/i+|e|^ 2 K-|e|KV)) 2 

x [(m 2 - |f |«VA)(1 + 6|e|)/€ 2 |el + mV|f| - //] (m 4 - Aw 4 /i) 2 

_ „ 8(m 2 -|e|^ 4 )(/i-|e|^ 2 m 2 ) 2 

' « 2 [(m 2 -|e|KVA)(l + 6|e|)« 2 |e|+m 2 K 2 |e|-A«](m 4 -A^V) ' 1 ' 

For <p < <fr e , inflation can be either the type (I) or the type (II). For <fi > <fr e , it can be only 

the type (II). The e-folding number is given by 

n 2 [(m 2 - |g/cVA)(l + m\)n 2 \^\ + m 2 K 2 \j\ - /j (m 4 - A^/i) 

8(m 2 - |e|K 2 Av 4 )(/x- |e|«: 2 m 2 ) 2 ' 1 j 

The spectral index of the curvature perturbations is given by 

_ x 16(m 2 -|e|^ 4 )(/i-|e|^ 2 m 2 ) 2 

K 2 [(m 2 - |^|k 2 7; 4 A)(1 + 6|f|)/t 2 |f|m 2 fi: 2 |e| -/i](m 4 - Aw 4 /i) iV' 1 j 

The tensor spectral index and the tensor-to-scalar ratio are given by n t ~ — 2e and r ~ 16e. 

In the region (iii), inflation can not be the type (I). In addition, as increases the slow- roll 

parameters 

_ 8(\£\K 2 m 2 -ri 2 8(|^ 2 m 2 -^) ( . 



" (l + 6|f|)|f|«W ' (l + 6|e|)«W 
decrease. Therefore there is no way to terminate inflation. 
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(2): 



The potential is monotonically increasing as becomes larger, since e — > oo as £ — > 
— 2^ in the subcase (1). The inflation can take place 

(i) in the vacuum-dominated region 

(ii) in the large field region 

In the region (i), ^ ~ (m 2 — n 2 \^\\v A )(j) > 0. Thus, ?o\h down toward = 0. Then, 
the slow-roll parameters are given by 

^8(m 2 -|£|^ 4 ) 2 2 „ 8(m 2 - \Z\ K 2 Xv±) f . 



K 2 X 2 V 8 ' ' K 2 Xv A 

Since as decreases e decreases, inflation cannot be the type (II), but be the type (I). The 
e-folding number is given by 

k 2 Av 4 , , 

AT ~ S.'i) 

4(m 2 -K 2 A|£|t> 4 )' 1 } 

The slow-roll inflation can be realized for 

< < 0, := — — , (84) 

2V2{m 2 - \£\k 2 Xv*) V ' 

where e» = 1. Noting that N ~ to realize sufficiently long inflation, 0j ^> ^, which leads 
to 

" >|{|> m2 1 



k 2 Xv 4 2a/2' 



c 2 m 2 

where the upper bound is given from our classifications. 

The amplitude of the curvature perturbations, the tensor-to-scalar ratio, and the spectral 
indices of the curvature and tensor perturbations are given by 

v 12 k 6 X 3 128(m 2 - |£k 2 Ai; 4 ) 2 2 



768vr 2 (m 2 - |£|k 2 A<) 2 ' v 8 k 2 X 2 
a/ ™ 2 i^.n n 16(m 2 - |e|/€ 2 At; 4 ) 2 2 

Thus, the spectrum of the curvature perturbations is blue tilted. 

In the region (ii), 3> e , the slow- roll parameters Eq. ([9]) are given by 

8{y-\^ 2 m 2 ) 2 8(/z-|g|« 2 ™ 2 ) 
e " (l + 6|e|)|ei«W 17 " (l + 6|£|)K 2 /i0 2 ' W 
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>h= ^ i 'i/L.. 2 ..w 2 - (87) 



and the slow-roll approximation is valid in the range 

i 2 m 2 ) 1 ' 2 
(6|f| + l) 1 / 2 ^) 1 ^ 

Inflation can be either the type (I) or the type (I). If <f> c > </>/, inflation is the type (I), while 
if 4> c < 4>f it is the type (II). The e- folding number from the horizon crossing to the end of 
inflation is given by 

~ 8(/i - |£| K 2 m 2 ) l 9 * <Pc ' / / " 8(/i - |£| K 2 m 2 ) ' 
where we assume that 0* ^> c j. The amplitude of the curvature perturbations and the 
tensor-to-scalar ratio are given by 

(1 + 6|^W , 128(^-|^ 2 m 2 ) 2 ^ 2 1 

s_ 768iei^(/,-ieiK 2 m 2 ) 2 ' " iei(i+6iei)«v^"iv 21 1 ] 

The spectral indices of the curvature and tensor perturbations become 

16(/i-|e|^ 2 m 2 ) 2 
■ri — i ~ — ~ <r ( 

s (i + eiei)^ " iv <Uj 

16(/z-|g|" 2 ™ 2 ) 2 l + 6|g 

(i+6iei)iei«v^ _ 4ieiiv 2 • 1 j 

Thus, the spectrum of the curvature perturbations is red tilted. 

We perform the numerical calculations to follow the whole dynamics from the local maxi- 
mum to the vacuum-dominated region. We consider the cases of £ = —5 x 1CT 3 , — 10~ 3 , —5 x 
10~ 4 and — 10~ 4 with the parameters A = 1, g 2 — 1, v 2 — 10~ 2 m 2 l , m 2 = 10~ 2 m 2 l , \x = 
10 -4 in Fig. [7] in order to compute the field evolutions, evolution of slow-roll parameters e 
and rj, and the behavior of the spectral index of the scalar perturbation n s and the tensor to 
scalar ratio r. Since the chosen parameter set satisfy the condition m 4 > /iAw 4 , the potential 
either has a local maxima at = e or increases as increases. If |£] < -£-5 ~ 4 x 10~ 4 , 
the potential increases monotonically as increases (0 e = oo). If |£| > -£s — 4 x 10 -4 , 
the local maximum locates at e . We find that as |£| increases, the local maximum shifts 
to the smaller 0. This implies that if |£| > ^ 4 — 4, the potential becomes monotonically 
decreasing function of which will be discussed below. We choose the initial value of in 
the region 0j < e where the field rolls toward to origin (see Fig. H-(a)). 

Figs. [3-(b) and 0-(c) show the evolution of the slow-roll parameters e and rj. Since 
the slow-roll conditions are not violated, inflation should be terminated by the tachy- 
onic instability. Fig. EK C ) shows negative rj (negative curvature potential) for £ = 
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FIG. 8: We plot same figures as in Fig. [3] with A = g 2 = l,v 2 = 10~ 2 ?n^,m 2 = 10 _4 m 2 / ,^ = 10~ 4 
and this parameter satisfy m 4 = fiXv 4 (see Sect. IIV C|) . For these parameter range, the potential 
behaves monotonically increasing or decreasing function of (f>. While the potential decreases as eft 
increases for |£| > 4x 10~ 2 , the potential is monotonically increasing as cf> increases for |£| < 4x 10 -2 

—5 x 10~ 3 , — 10 -3 , —5 x 10 -4 and positive r] (positive curvature potential) for £ = — 10 -4 
during slow-roll phase. We plot n s — r relation in Fig. 0-(d). Unlike the case in Sect. IIV Al 
the spectrum do not cross to the blue spectrum region (n s < 1) even after the slow- roll 
phase. 



(3): 

The potential is monotonically decreasing as <fi becomes larger, since <f) e — > 0, as £ — > 
— 2^ 4 in the subcase (1). In this case, there is no way to realize the reheating, since the 
tachyonic instability does not take place. Thus, in this paper we do not consider this case. 
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FIG. 9: Magnifying the Fig. [5}-(c) in the region 5 < (f) < 15. (right) evolution of spectral index n s 
of scalar perturbation. 



1 



In this case, along x — 

4At; 4 (l + |£|«; 2 2 ) 
and therefore, the potential is the monotonic for 0. Since 

_ (m 2 - \£\K 4 \v 4 )<f){\v 4 + m 2 <f) 2 ) 
14 ~ \v\\ + \£\K 2 <t) 2 y ' 

2 2 

for |£| < ffV , the potential is increasing, while for |£| > J^4 A , it is decreasing. 



1. 0<|£|< 



Inflation can take place 

(i) in the vacuum-dominated region 

(ii) in the large field region 
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In the region (i), the slow- roll parameters are given by 

8(m 2 - |^ 2 At; 4 ) 2 2 4(m 2 -|£l^ 4 ) 

Since e is decreasing for decreasing 0, inflation cannot be the type (II), but the type (I). 
The e-folding number is given by 

AT ~ K 2 \V A 

~ 4(m 2 -K 2 A|e|w 4 )' ^ ' 

The slow-roll inflation can be realized for 

< < 0, := — = — , (94) 

2 v / 2(-|e|^ 2 At; 4 + m 2 ) V ' 

where 6, -1. Noting that N ~ 7^, to realize sufficiently long inflation, (pi ^> i, which leads 
to 

2 2 1 

m m 1 

> lei > 



k 2 A^ 4 ISI k 2 A^ 4 2v/2 
(if K a^ 4 > 7^75), where the upper bound is given from our classifications. 

The amplitude of the curvature perturbations, the tensor-to-scalar ratio, and the spectral 
indices of the curvature and tensor perturbations are given by 

D _ v 12 k 6 X 3 r _ 128(m 2 - |e|/€ 2 Aw 4 ) 2 2 



768vr 2 (m 2 - |£|k 2 Av 4 ) 



2 ^2' V 8 K 2 \ 2 



m 



2 1«^2 _ ICl^2\„,4\2 J.2 



16(m 2 - \£\k 2 \v 4 



Thus, the spectrum of the curvature perturbations is blue tilted. 
In the region (ii), the slow-roll parameters are given by 

_ 8(m 2 - \£\k 2 \v 4 ) 2 ^ 8(m 2 -l^Xv 4 ) 
e "(iT6i^W' V ~ ~(l + 6|e|)«: 2 m 2 2 ' (96) 

and the slow-roll approximation is valid in the range 

^ r/ (6|f | + l)V2 m « v ; 

Inflation can be either the type (I) or the type (II). If <p c > </>/, inflation is the type (I), while 
if 4> c < 4>f it is the type (II). The e-folding number from the horizon crossing to the end of 
inflation is given by 

(i + mwm 2 , 2 2 n (i+6iei)«w , 98) 

" 8(m 2 - |£|k 2 Ai; 4 ) V * ^/ " 8(m 2 - \£\^\v*) ' 1 ; 
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where we assume that 0* ^> c j. The amplitude of the curvature perturbations and the 
tensor-to-scalar ratio are given by 

q + 6|£|KmV4 128(m 2 - |£l^ 4 ) 2 _ A( 6 + J_) (99) 



s 768iek 2 A^(m 2 -iei«: 2 A^) 2 ' "' leia + mwrn^t lei 

The spectral indices of the curvature and tensor perturbations become 

16(m 2 - |f|« 2 Av 4 ) 2 
n — I ~ i Li! L ~ < 

(l + 6|£|)K 2 m 2 2 N 

lQim 2 -\i\K 2 \v*) 2 1 + 6|£| , . 

m ~ 1 >— ~ ! 111 < (100) 

(i + 6iei)iei« 4 m 4 4 " 4ieiiv 2 • 1 J 

Thus, the spectrum of the curvature perturbations is red tilted. 

In order to follow the dynamics of the <j) field from the large field region toward the 
vacuum-dominated one, we solve the equations of motion numerically. In Fig. [HI we plot 
same figures as in Fig. [3] with X = 1, g 2 = 1, v 2 = 10~ 2 m 2 n m 2 = 10" 4 m 2 ; , /i = 10~ 4 
which satisfy m 4 = fi\v A . While the potential decreases monotonically as <p increases for 
|£| > m 2 /n 2 \v A ~ 4 x 10~ 2 , it increases for |£| < 4 x 10~ 2 . 

The evolutions of 77 are shown in Fig. |8j-(c) and the details during slow- roll phase are 
plotted in Fig. |9]-(left). We plot n s — r relation for the case of Sect. IIVCI in Fig. [HJ-(d). 
The evolutions of n s during slow-roll phase can be seen in Fig. |9]-(right). We find that the 
spectrum moves from red to blue. 

*■ If I >Jk 

In this case, there is no way to realize the reheating, since the tachyonic instability does 
not occur. Thus, in this paper we do not consider this case. 

D. Summary 

Following the discussions in the previous subsection, in tables [H [III and IIII1 we have 
summarized the possible inflationary dynamics and the tilt of the spectrum of the curvature 
perturbations. 
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V. CONCLUSIONS 



In this work, we have investigated the dynamics and observational consequences in the 
hybrid inflationary model where the inflaton field <fi is nonminimally coupled to gravity. 

In the Jordan frame, the 4 term is added to the potential of the ordinary hybrid inflation 
model. Without this term, the potential in the Einstein frame decreases in the large field 
region, and there is no way to realize the reheating through the stabilization at the true 
vacuum. This new term flattens the potential in the large field region, and ensures a sub- 
Planckian energy density there for an appropriate choice of parameters. We have analyzed 
the inflationary dynamics within the typical regions of the potential in the Einstein frame 
in the context of the slow-roll approximations, and also numerically solved the equations of 
motion to investigate the evolution of fields from the large field region or the local maximum 
to the vacuum dominated region or the local minimum. 

We have classified inflation into the type (I) and the type (II). In these cases, inflation 
is terminated by the tachyonic instability and the violation of the slow-roll approximations, 
respectively. Even in the case of the type (II) inflation, the tachyonic instability emerges 
after the violation of the slow-roll condition, and the reheating should occur at the true 
minimum. Typically, inflation can take place 

(1) in the vacuum-dominated region, 

(2) around the local maximum, 

(3) around the local minimum. 

(4) in the large field region, 

In the region (1), inflation becomes either the type (I) or the type (II), resulting in the blue 
or red spectrum of the curvature perturbations, respectively. In the region (2), inflation can 
be either the type (I) or the type (II). They lead to the blue / red spectrum of the curvature 
perturbations, respectively. In the region (3), inflation must be the type (I), resulting in the 
blue spectrum of the curvature perturbations. In the region (4), to terminate inflation, the 
potential in the Einstein frame must be positively tilted, which always leads to red spectrum 
of the curvature perturbations. 

We then numerically solved the equations of motions from the large field region / the 
local maximum to the vacuum dominated region / the local minimum. The spectrum of 
curvature perturbations becomes red tilted on large scales and eventually becomes the blue 
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one on smaller scales, since rj parameter positively grows after inflaton field passes through 
the inflection point of the potential. The particularly interesting case is that inflation starts 
from the local maximum toward the vacuum region. For the optimistic choices of parameters, 
the spectrum is always red tilted. 
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TABLE I: Classification in the case < 1. The type (I) and (II) denote inflation, terminated 
by the tachyonic instability and the violation of slow-roll conditions, respectively. 



Coupling parameter 


Region 


Type 


Spectrum 


K 1 Xv i < kl < K 2 m -2 


Vacuum-dominated 


Type (II) 


Red 


Local minimum 


Type (I) 


Blue 


Large field 


Type (I), (II) 


Red 




Vacuum-dominated 


Type (I) 


Blue 


Large field 


Type (I), (II) 


Red 



TABLE II: Classification in the case jj^js > 1- Type (I) and (II) denote inflation, terminated by 
the tachyonic instability and the violation of slow-roll conditions, respectively. 



Coupling parameter 


Region 


Type 


Spectrum 




Vacuum-dominated 


Type (I) 


Blue 


Local maximum 


Type (I), (II) 


Red 


0< l?l< J^i 


Vacuum-dominated 


Type (I) 


Blue 


Large field 


Type (I) 


Red 



TABLE III: Classification in the case = 1. The type (I) and (II) denote inflation, terminated 
by the tachyonic instability and the violation of slow-roll conditions, respectively. 



Coupling parameter 


Region 


Type 


Spectrum 




Vacuum-dominated 


Type (I) 


Blue 


Large field 


Type (I), (II) 


Red 
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